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ABSTRACT

Kalman filters for target tracking typically use a process noise defined in the tracking
frame. This requires setting the variances of the process noise in all three Cariesian coor-
dinates to values large enough to compensate for the largest possible target maneuver. In
general, the maneuvers performed by aircraft flying at high speeds are constant speed turns
in a plane which are known as coordinated turns. An aircraft performs a coordinated turn by
controlling its lateral acceleration which is approximately orthogonal to its velocity vector.
Thus, it is logical that most of the uncertainty involved in tracking these targets is in the
direction of the lateral acceleration. This information can be exploited by supplementing a
standard Kulman filter with a target-oriented process noise. A target-oriented process noise
is obtained by rotating a process noise, defined in the target’s frame, into the tracking frame.

The rotation matrix is computed from the state estimates of the Kalman filter.

The results of Monte Carlo simulations are presented which demonstrate that a Kalman
filter with a target-oriented process noise tracks coordinated turning targets with smaller
root-mean-square errors than a Kalman filter with standard process noise. It was determined
that if the target-oriented process noise is to be effective, the Kalman filter must generate

an acceleration estimate and the target’s maneuver should be confined to a plane.
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CHAPTER 1

INTRODUCTION

One of the more difficult targets to track is an aircraft flying at high speeds and perform-
ing maneuvers.!™ In general, the maneuvers performed by aircraft flying at high speeds are
constant speed turns in a plane which are known as coordinated turns. An aircraft performs
a coordinated turn by controlling its lateral acceleration which is approximately orthogonal
to its velocity vector.4=7 Thus, it is logical that most of the uncertainty involved in tracking
these targets is in the dir-ction of the lateral acceleration. This information can be exploited

by supplementing a standard Kalman filter with a target-oriented process noise.

Most target tracking algorithms use a Kalman filter in which the uncertainty of the
target’s maneuvers is modeled with a process noise.!"? Since the process noise is usually
defined in the tracking frame, the variances for each coordinate must be set high enough
to account for the largest possible maneuver in each coordinate regardless of the target’s
orientation. This method imposes artificially high variances for the process noise because

the uncertainty due to maneuvers must be equally distributed among the three coordinates.

A Kalman filter with a target-oriented process noise is obtained by defining the process
noise in the target’s frame and then rotating it into the tracking frame. By defining the
process noise in the target’s frame, the designer can set a high value for the variance of the
lateral acceleration to account for the largesi possible maneuver and lower values for the
variances of the accelerations orthogonal to the lateral acceleration. Thus, using a target-
oriented process noise provides the same tracking error through coordinated turns with a

lower total acceleration error variance.

1-1
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A Kalman filter with a target-oriented process noise designed to track coordinated turn-
ing targets is presented. The filter uses a rotation matrix to rotate a process noise defined in
the target’s frame into the tracking frame. The Kalman filter is implemented with three dif-
ferent motion models. The three motion models are constant velocity, constant acceleration,

and mean-jerk which is a constant acceleration model with time-correlated jerks.

This report is organized as follows. In Chapter 2, the problem of target tracking is
discussed. The techniques for modeling the motion of the targets are presented in Chapter
3. Chapter 4 explains the method used to implement a Kalman filter with a target-oriented
process noise. Chapter 5 compares the performance of tracking filters using a target-oriented
process ncise are to that of tracking filters with a standard process noise. A summary and
conclusions are given in Chapter 6, and the references are given in Chapter 7. Derivations

of the rotation matrices are given in Appendix A, and an algorithm which can be used to

generate error ellipses from filtered variances is presented in Appendix B.
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THAPTER 2

PROBLEM FORMULATION

The problem considered in this report is the tracking of a single target maneuvering
through coordinated turns with no clutter or false measurements. In this chapter, the equa-
tions used to model the target dynamics and measurements are discussed. This chapter
concludes with a presentation of the Kalman filter which is used for target tracking in this

report.

MODEL OF TARGET DYNAMICS
The equation used to model the dynamics of a maneuvering target is g'iven by
X = f(X,u,w) (2.1)

where X is the state vector, u is the target control vector, and w is the process noise vector

representing possible deviations in f(-). The motion of the target is a continuous-time process

as indicated by Equation (2.1), where f(:) is a dynamic constraint that defines the motion
for the target in the form of a differential equation. The dynamic constraint, which is usually
unknown to the tracking system, can differ significantly between targets and change for a

common target during the tracking process.

The major problem with tracking maneuvering targets is that the control vector is not
directly observable by the tracking system. When the target applies a control, a bias or lag
develops in the estimates of the target state. The control can be included as acceleration
in the dynamic constraint f(-), but the acceleration of coordinated turning targets usually
varies with time in such a manner that a filter model cannot be clearly identified during

tracking.
2-1
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The target dynamics are usually modeled as linear in a Cartesian coordii.ate frame
to simplify the filtering and reduce the computations required. Also, for convenience the
continuous-time dynamics equation, Equation 2.1, is discretized. Thus, the equation used

to model the target dynamics is given by
Xig1 = At Xy + Bruy (2.2)

where wi ~ N(0,Q;) is the process noise and A; and B; model the dynamics of the target.
The @4 is the covariance matrix of the process noise which is constant and diagonal for
the Kalman filter with standard process noise but is dependent upon the orientation of the
target for the Kalman filter with target-oriented process noise. The target state vector, X},
may contain the position, velocity, and acceleration of the target at time k, as well as other
variables used to model the time-varying acceleraiion. For a Kalman fiiter with standard

process noise, the process noise covariance matrix is given by

g 0 0
Q=10 4 0z (2.3)
0 0 g

where ¢f, g}, and ¢f are the variances of the process noise in Cartesian coordinates. The
af, g}, and gi are given the same value since the direction of the target control vector, v in

Equation (2.1), is usually not observable.

MEASUREMENT MODEL

The equation used to model the measurements of the target’s true state is
Zk = h(Xg,vi) (2.4)

where Z; is the discrete-time measurement vector at time k, and v, is the measurement noise
vector. As indicated by Equation (2.4), the measurement process is discrete-time because
most sensors used for target tracking record the position and/or radial velocity at a given
instant in time. In this report, the measurement process will be modeled as linear. Most
sensors used for target tracking measure the target position in a spherical coordinate system,

but the spherical measurements can be transformed into a Cartesian coordinate frame for

processing as a linear function of the target state. The transformati m from spherical to

2~2
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Cartesian coordinates is given by

z = R cosE sinB (2.5a)
y = R cosE cosB (2.50)
z= RsinE (2.5¢)

where R, B,andFE a-e the range, bearing, and elevation, respectively. Thus, the linear mea-

surement process is then given by
Zr = Hp Xy + v (2.6)

where Z; is the target measurement in the Cartesian coordinate frame. The mean of the
measurement noise, vg, is E[vx] = 0, and the covariance matrix of the measurement noise
is Ry = E[vkv{]. The Hj is a vector which selects the states which correspond to the

measurements and {iu a single coordinate) is given by
Hy=[1 0 0 0] (2.7)

for a 4 state model with measurements of position only. The H; for a 3 state model is the

first 3 elements of Equation (2.7) and the first 2 elements for a 2 state model.

The measurement errors in spherical coordinates are usually assumed to be white and
Gaussian and uncorrelated in range, bearing, and elevation, but the transformation to the
rectangular coordinate frame causes the components of v; to become non-Gaussian and cor-
related. Nevertheless, for most probability calculations v is often assumed to be Gaussian.
The correlation between the components of v; can be modeled by linearizing the transfor-
mation from spherical to Cartesian coordinates of Equation (2.5) with a first-order Taylor

series. Thus, the covariance matrix of the measurement noise, Ry, is computed from the

equation
ch 0 0]
Ri=U|0 o} o0)UT (2.8)
0 0 ‘72E
where _ o _ _ _ _ _
cosE sinB R cosE cosB  —R sinFE sinB
U= |cosE cosB —R cosE sinB —R §inE_cosB] (2.9)
sinE 0 RcosE

and o%z,azB, and 0'% are the measurement error variances for range, bearing, and elevation,
respectively. The R, B,andE are the estimated range, bearing, and elevation, respectively,

which are computed from the state estimates at time k.

2-3
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CHAPTER 3

TARGET MOTION MODELING

The three different motion models considered in this report are constant velocity, con-
stant acceleration, and mean-jerk. The constant velocity and constant acceleration motion
models are commonly used, but the mean-jerk motion model is relatively new. These three
motion models are described in this chapter. For simplicity, the motion models are presented
in the form that would be used to track in a single coordinate. The motion models used to
track in three coordinates simultaneously are block diagonal matrices, with the Ax and By

matrices presented i this chapter forming the blocks.

CONSTANT VELOCITY

The first model presented is constant velocity and, for a single coordinate, the motion

model is given by

A= [}, 7{] (3.1)
]T

Br=[05T% T (3.2)

where T is the time interval between measurement k£ and k + 1. The elements of the state

vector X} are position and velocity. In this report, a Kalman filter using this motion model

is referred to as a CV filter.
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CONSTANT ACCELERATION

The second model is constant acceleration and, for a single coordinate, the motion model

is given by
1 T 0577 ‘
Ar=10 1 T (3.3)
0 0 1
Bi=[os1? T 1]° (3.4)

The elements of the state vector for this model are position, velocity, and acceleration. A

Kalman filter using this motion model is referred to as a CA filter in this report.

MEAN-JERK

The third model is the mean-jerk model which is the standard constant acceleration
mode] with time-correlated jerk. The use of the time-correlated jerk represents the fact that
the acceleration changes in a deterministic manner as a target maneuvers. Thus, the jerk at
time k will be related to those at time k& — 1 if the difference between these times is small.

The continuous-time form of the mean-jerk model, in a single coordinate, is given by

010 0 0
=100 8 Y]x+[dwe (3.5)
0 00 -7 |1
where
X=[z & & 2/]" (3.6)

The variable, 7, is the jerk which is the time derivative of the acceleration. The discrete-time

form of the model is given by

(1 T 0572 77305(rT): ~7T +1-¢"7T)
|01 T 2T — 14 rT)) .
A4=10 0 1 711 =T (3.7)
(0 0 0 e~ T
AR (T3 - 05(rT)? + (+T — 1 + e~ 7T))
-3 2 —-tT
B = 120.5(rT) =T + 1=~ ¢~ ") _
k T"z(e_"T -1+ 7T)) (38)
| (1 - e_"T)

3-2
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and
.+ T
Xi = [zk B B oo (3.9)
The variable 7 is related to the correlation of the jerk. In this report, T was chosen to be 0.5

to give a 2 second time constant for the correlation. In the derivation of the discrete-time

model, w(t) in Equation (3.5) was assumed to be constant between times k and k+ 1. A

Kalman filter using the motion model given by Equations (3.7) and (3.8) is referred to as a
MJ filter in this report.
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CHAPTER 4

TARGET-ORIENTED PROCESS NOISE

The method used to implement a Kalman filter with a target-oriented process noise
is described in this chapter. First, the reasons for using a target-oriented process noise are
discussed. Then, a process noise covariance matrix defined in the target’s frame is presented.
Next, the rotation matrices used to rotate the process noise defined in the target’s frame
into the tracking frame are presented. Finally, the Kalman filter with target-oriented process

noise is presented.

REASONS FOR USING A TARGET-ORIENTED PROCESS NOISE

The Kalman filter with target-oriented process noise allows the designer to define the
process noise covariance in terms of thrust and lateral accelerations. This allows the Kalman
filter to more realistically model the maneuverability of the target. Most targets maneuver
by controlling their thrust acceleration which is parallel to the target velocity vector, and/or
their lateral acceleration which is orthogonal to the target velocity vector. Except for mis-
siles in launch or boost phases, the thrust acceleration of most targets is limited to 10 m/s?.
However, the lateral acceleration can approach 150 m/s?. Thus, when tracking a maneuver-
ing target, a wider range of uncertainty exists due to the lateral acceleration than due to
the thrust acceleration. For this reason, a Kalman filter with target-oriented process noise
can model the acceleration uncertainiy more accurately than a Kalman filter with standard
process noise. This causes the error covariances of the state estimates, Equation (2.14) to
have a smaller trace. Smaller error variances lead to smaller errors and smaller position error
ellipsoids. Reducing the errors in the state estimates improves the periormance of fire control
systems, and reducing the volume of the position error ellipsoids improves the tracking of

targets in a cluttered environment.
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PROCESS NOISE COVARIANCE IN TARGET’S FRAME

The process noise covariance matrix defined in the target’s frame is

L[4
0 0 gf

where g} is the variance of the thrust acceleration, qi is the variance of the lateral acceler-
ation, and g} is the variance of the acceleration orthogonal to both ¢} and ¢i. The target’s
frame is defined with the X axis aligned with the target’s velocity vector, the Y axis aligned
with the target’s lateral acceleration vector, and the Z axis aligned with the cross product of
the target's velocity and lateral acceleration vectors which forms a right-handed coordinate
system. The value of g} is determined in the exact same manner that ¢f, g, and ¢} are de-
termined in a Kalman filter with standard process noise. The value of g}, is set to ,\qi, where
0 < A < 1. This is done because the targets considered in this report are constant speed, so
there is less uncertainty in the thrust acceleration as compared to the lateral acceleration.
The value of qf is set to one of two values. For the CV filter, q‘k‘ is set to ¢}, and for the
CA and MJ filters, qi‘ is set to 7q£ where 0 < 4 < 0.01. The variance, q‘,'}, is lowered for
the CA and MJ filters because the targets considered in this report maneuver by performing
coordinated turns. Since a coordinated turn is defined as a constant speed turn in a plane,
there will be little acceleration uncertainty in the direction of g which is orthogonal to this
plane. This cannot be done in the CV filter because no acceleration estimate is calculated,
so the plane defined by the velocity and lateral acceleration vectors cannot be determined.

Thus, for the CV filter, there is equal acceleration uncertainty in the directions of g} and gl

ROTATION MATRIX

A target-oriented process noise requires a rotation matrix to rotate the process noise,
defined in the target’s frame, into the tracking frame. Two different rotation matrices are
presented. A rotation matrix based on velocity and acceleration estimates is used for the
CA and MJ filters, and a rotation matrix based on velocity estimates only is used for the
CV filter. The rotation matrix used in the CA and MJ filters is
Vi AL Vi x AL

Dy =
Vil 14} Vil | ALl

(4.2)
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T
where Vi = [2x It #x ]T is the velocity vector of the target, Al = [.’i:i g} EL] is

the lateral acceleration vector of the target, |Vi| is the magnitude or length of Vi, and
Vi X AL is the cross product of V; and Ai. The lateral acceleration vector, Ai, is computed
by subtracting the thrust acceleration vector from the acceleration vector, A, using the

equation’

(Ax - Vi)

l
A= A= T

Vi (4.3)

The rotation matrix used for the CV filter is

O 27
S Sh 5 Sh
D= | B 2 ik 4.4
k S Sh S Sh (44)
* Sh
| S S

where § = |Vi| and Sh = (zi+yi)% The rotation matrix for the CV filter given by Equation
(4.4) is derived in Appendix A from the rotation matrix for the CA and MJ filters given by
Equation (4.2). Since the true state of the target cannot be determined during tracking, the
filtered estimates of the target’s state are used in Equations (4.2), (4.3), and (4.4).

KALMAN FILTER WITH TARGET-ORIENTED PROCESS NOISE

A Kalman filter with target-oriented process noise is obtained by rotating the process
noise defined in the target’s frame into the tracking frame. The target state model of

Equation (2.2) then becomes
Xi+1 = AxXi + BiDgw)f (4.5)

where wig is the process noise defined in the target’s frame, and Dy is a rotation matrix
given by either Equation (4.2) for the CA and MJ filters or Equation (4.4) for the CV filter.
The only Kalman filter equations explicitly affected by the process noise are the time update
equations, Equations (2.10) and (2.11). Since the process noise is considered to be zero mean
in this report, Equation (2.10) is not affected by the rotation of the process noise. Equation
(2.11) bec.mes

Pepip = AxPep AT + ByQ} BT (4.6)
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where Q} is the rotated process noise covariance given by
QL= DiQ¥DT (4.7)

where J; is the rotation matrix and Qi" is the process noise covariance matrix defined in
the target’s frame given by Equation (4.1). Thus, to obtain a Kalman filter with target-
oriented process noise, the standard Kalman filter given by Equations (2.10-14) are used

except Equation (2.11) is replaced by Equation (4.6).
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CHAPTER 5

RESULTS

Simulation results of Kalman filters with target-oriented process noise are compared with
those of Kalman filters with standard process noise Simulation results for Kalman filters
with three different motion models are presented for four different target trajectories. The
standard process noise filters and target-oriented process noise filters are compared on the
basis of root-mean-square (RMS) errors, filtered error covariances, process noise covariances,
and position error ellipses. All of the figures referred to in this chapter are located at the
end of the chapter.

TARGET TRAJECTORIES

The four target trajectories used in the filter simulations are all constant speed with
some type of coordinated turn. The speed used for all four trajectories was 300 m/s. One
trajectory was used to generate the simulation results for the CV filters, and the other three
trajectories were used to generate the simulation results for the CA and MJ filters. The
trajectory used for the CV filters is a weave in the X-Y plane with a peak acceleration of
2.5 m/s? and a constant altitude of 1 km. This trajectory is referred to as Trajectory 1
in this report; Figure 5-1 illustrates this trajectory. The trajectories used for the CA and
MJ filters are referred to as Trajectories 2, 3, and 4 in this report. Trajectory 2 is a weave
in the X-Y plane with a peak acceleration of 30 m/s? and a constant altitude of 1 km.
Trajectory 3 is a constant speed turn in a plane rotated 45 degrees about the X axis with a
peak acceleration of 30 m/s? . Trajectory 4 is a constant speed turn in the X-Y plane with
a peak acceleration of 30 m/s? and a constant altitude of 1 km. Figures 5-2, 5-3, and 5-4

illustrate these trajectories.
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These trajectories were used to simulate radar measurements by adding white Gaussian
noise to the true spherical coordinate trajectory (i.e. Range, Bearing, and Elevation). These
simulated radar measurements were converted to Cartesian coordinates using Equations

(2.5a,b,c). A new set of radar measurements was generated for each run of the Monte Carlo

simulations,

PARAMETER SELECTION

The parameters that were the same for all of the simulation results were the data rate, the
standard deviations of the measurement noise, the number of data points used to initialize
the track, and the number of runs used for Monte Carlo simulations. The data rate was
chosen to be 5 Hz. The standard deviations of the measurement noise were chosen to be 8 m
in the range coordinate and 2 mrad in the bearing and elevation coordinates. The number
of data points used to initialize the track was chosen to be 5. The number of runs used in

the Monte Carlo simulations to compute the RMS errors was chosen to be 200.

The standard deviation of the measurement noise was estimated for each trajectory, so
the process noise variances could be chosen. The measurement noise standard deviation was

assumed to be

O = oy + Rmaz;b + Rmardc (5.1)

where the subscripts m, r, b, and e denote measurement, range, bearing, and elevation
respectively, and Ry,,; is the maximum range for the particular trajectory. The values

calculated for oy, for each trajectory are presented in Table 5-1.

TABLE 5-1, STANDARD DEVIATION OF MEASUREMENT ERRORS

Trajectory 1 2 3 4

Std Dev (m) 40.4 40.4 18.7 56.0
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The process noise covariances matrices were the only other parameters required te per-
form the simulations. To simplify the discussions of the results, the Kalman filters with
standard process ncise are referred to as SPN filters, and the Kalman filters with target-

oriented process noise are referred to as TOPN filters.

The SPN filters use the process noise covariance matrix given in Equation (2.3). The
diagonal elements were chosen to be equal (i.e. ¢f = qf = ¢f = g&). The process noise
variance, gx, was calculated from the steady-state position gain, the variance of the mea-
surement errors, and the time interval between measurements.}? The steady-state position
gain, o (the same variable used in an a — 3 filter), was chosen to be 0.3. The TOPN filters
use the process noise covariance matrix given in Equation (4.1). The variances of the process
noise for the TOPN filters were determined from the value of ¢ for the corresponding SPN
filter. For the CA and MJ TOPN filters, ¢} = qi = qx and qi’ = 0.01¢;. For the CV TOPN
filter, ¢} = qi’ = g and ¢} = qx/4. The values for these process noise variances for both the
SPN and TOPN filters are presented in Tables 5-2, 5-3, and 5-4.

TABLE 5-2. VARIANCES OF PROCESS NOISE FOR CV FILTER

q, (m%s*)

q,' (m%s%)

q,' (m¥s*)

Qku (m?s*)

Traj #1

4250

4250/4

4250

4250

TABLE 5-3. VARIANCES OF PROCESS NOISE FOR CA FILTER

q, (m¥s%) g, (m%s%) g (m%s*) Q. (m¥s*)
Traj #2 35 35 35 0.35
Traj #3 8 8 8 0.08
Traj #4 65 65 63 0.65

&

;_L b

&, g
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TABLE 54. VARIANCES OF PROCESS NOISE FOR MJ FILTER

g (m%/s%) q (m?¥s%) q,' (m¥s® g, (m¥s®)
Traj #2 270 270 270 2.7
Traj #3 58 58 S8 0.58
Traj #4 518 518 518 5.18

SIMULATION RESULTS

The root-mean-square errors (RMSE), filtered error covariances, process noise covari-
ances, and position error ellipses of Monte Carlo simulations for the SPN and TOPN filters
are presented. The CV filters were simulated using trajectory 1 only. The CA and MJ filters

were each simulated using trajectories 2, 3, and 4.

Root-Mean-Square Errors

The RMSE obtained from these simulations are shown in Figures 5-5 through 5-11. The
RMSE were calculated by summing the squared filter errors from all runs, dividing by 200,
and then taking the square root. The RMSE for the CV SPN and TOPN filters are shown in
Figure 5-5. The position error was the same for both filters throughout the entire trajectory.
The velocity error was slightly smaller for the TOPN filter. The RMSE for the CA SPN and
TOPN filters are shown in Figures 5-6 through 5-8. The position, velocity, and acceleration
errors were smaller for the TOPN filter for all three trajectoriecs. However, of the three
trajectories, the largest reduction in errors occurred for trajectory 4 as shown in Figures 5-8.
Note that this is also the trajectory in which the range to the target is largest. The RMSE
for the MJ SPN and TOPN filters are shown in Figures 5-7 through 5-11. The differences
between the errors for these filters were similar to those of the CA SFN and TOPN filters.

5-4
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Filtered E Covari

The filtered error covariances of the state estimates, given by Equation (2.14), from a
single run of each filter are shown in Figures 5-12 though 5-18. These error covariances
are the sum of the error covariances of all three coordinates. As Figure 5-12 shows, the
filtered error covariances for the CV TOPN filter are slightly less than those for the CV SPN
filter. As Figures 5-13 through 5-18 show, the filtered error covariances for the CA and MJ
TOPN filters are significantly less than those for the CA and MJ SPN filters. Note that the
filtered error covariances ch~nge slowly throughout the trajectories. This happens because
the filtered error covariances are functions of the Kalman gain, K}, which is a function of
the measurement error covariance, Ry, and Ri depends on the estimated range to the target
(see Equations (2.8), (2.9), (2.12), and (2.14)).

Process Noise Covariances

The rotated process noise covariance matrices for the TOPN filters from a single run of
each filter are shown in Figures 5-19 through 5-25. In these figures, Qr denotes the rotated
process noise covariance matrix given by Q} in Equation (4.7). All six elements of Qr are
plotted in each figure. The @r(1,1), Qr(2,2), and Qr(3,3) are the diagonal elements of Qr
which are the rotated process noise variances in the X, Y, and Z coordinates, respectively.
The Qr(1,2) is the rotated process noise covariance between the X and Y coordinates.
Likewise, @r(1,3) is the rotated process noise covariance between the X and Z coordinates,
and Qr(2,3) is the rotated process noise covariance between the Y and Z coordinates. The
process noise covariance matrices for the SPN filters, Equation (2.3), are not shown since

these matrices are always constant and diagonal.

The rotated process noise covariance for the CV TOPN filter is shown in Figure 5-19.
This filter uses the rotation matrix Dy, given in Equation (4.4), which is a function of
velocity estimates. The Qr(3,3) remains at a larger value throughout the trajectory than
either Qr(1,1) or Qr(2,2). The reason for this is that the rotation of Qig in Equation (4.1)
distributes part of the Qr(1,1) and Qr(2,2) to the covariance between X and Y, Qr(1,2).
Thus, @r(1,1) and @r(2,2) are reduced, and Qr(1,2) is increased. Since the target’s velocity
vector remains in the XY plane throughout the trajectory, the rotation matrix does not

affect Qr(3,3), Qr(1,3), or Qr(2,3).
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The rotated process noise covariances of the CA TOPN filter are shown in Figures 5-
20 through 5-22. This filter uses the rotation matrix Dj, given in Equation (4.2), which
is a function of velocity estimates and acceleration estimates. In Figure 5-20, the target
maneuvers in the XY plane, so the lateral acceleration vector remains in the XY plane.
Thus, Qr(1,1) and Qr(2,2) remain at their maximum value. The ¢r(3,3) remains at a small
value since this is the direction orthogonal to the plane of motion, and the variance in this
direction, ¢}, was set to a small value (see Table 5-3 and Equation (4.1)). In Figure 5-21,
the target maneuvers in a plane slanted 45 degrees with respect to the XY plane. The
@r(1,1) remains at its maximum value. The Qr(2,2) and Qr(3,3) were reduced by half, and
the covariance between them, @r(2,3), was increased. In Figure 5-22, the target performs a
maneuver similar to the one in Figure 20, but at a longer range. Thus, all the process noise
variances behave in a manner similar to Figure 20. The strange behavior of Qr(1,3) and
Qr(2,3) in Figures 5-20 and 5-22 is not understood at this time, but the magnitude of these

anomalies is so small that no explanation is warranted.

The rotated process noise covariances of the MJ TOPN filter are shown in Figures 5-23
through 5-25. These covariances behave in a similar manner to the CA TOPN filter. This is

to be expected since both filters used the same trajectories and the same rotation matrices.

Position Error Ellipses

The position error ellipses calculated for a single time step from a single run of the TOPN
and SPN filters are shown in Figures 5-26 through 5-32. These position error ellipses are
typical of ones which would be used to validate measurements in a cluttered environment.
These error ellipses were calculated from the filtered error covariances at the 100** time
step during a single run of each filter, as discussed in Appendix B. The 100" time step
was arbitrarily chosen to compare the relative sizes between position error ellipses calculated
from SPN and TOPN filter covariances. Both the horizontal and vertical position ellipses are
shown, so that the volume of the position error ellipsoids can be estimated. As demonstrated
in Figure 5-26, the CV TOPN filter has a slightly smaller ellipse than the CV SPN filter in
the XY plane. As shown in Figures 5-27 through 5-29, the CA TOPN fiiter reduces the size
of some of the ellipses. In Figures 5-27 and 5-29, only the XZ plane ellipse is smalier since
the target’s maneuver is confined to the XY plane. In Figure 5-2&, both the XY and XZ

5-6
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plane ellipses are smaller since the target’s maneuver is confined to a plane at a 45 degree

angle to the Y and Z axes. The MJ TOPN filter’s position error ellipses shown in Figures
5-30 through 5-32 were similar to those of the CA TOPN filter.
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CHAPTER 6

CONCLUSIONS AND FUTURE RESEARCH

Supplementing the standard Kalman filter with a target-oriented process noise can sig-
pificantly improve tracking filter performance when the target’s maneuvers are confined to
a plane and the filter generates an acceleration estimate so that the plane of the maneuver
can be identified. The target-oriented process noise can slightly improve the tracking perfor-
marce of a constant velocity filter. Adding a target-oriented process noise to a Kalman filter
adds a moderate amount of computations. Therefore, its use is limited to fire control appli-
cations where only a small number of targets are tracked, and large errors in the estimates

are unacceptable,

Future research may examine the more realistic situations of targets performing elab-
orate maneuvers in the presence of clutter and false measurements by incorporating the
target-oriented process noise into algorithms such as the Interacting Multiple Model Proba-
bilistic Data Association Filter (IMMPDAF).}® Using a target-oriented process noise could
significantly improve tracking in a cluttered environment by reducing the volume of the vali-
dation gates. Another subject for future research is supplementing a Kalman filter with both
a target-oriented process noise and a kinematic constraint.® The kinematic constraint seems
to be compatible with a target-oriented process noise since it does not affect the acceleration

estimates in the direction orthogonal to the plane of motion.
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CHAPTER 7

REFERENCES

. Singer, R.A., “Estimation of Optimal Tracking Filter Performance for Manned Maneu-
vering Targets,” IEEE Transactions on Aerospace and Electronic Systems, 1970, pp.
473-483.

2. Bar-Shalom, Y., and K. Birmiwal, “Variable Dimension Filter for Maneuvering Target
Tracking,” IEEE Transactions on Aerospace and Electronic Systems, Sept. 1982, pp.
621-629.

3. Clark, B.L., Development of an Adaptive Kalman Tracking Filter and Predictor for Fire
Control Applications, NSWC TR-3445, Naval Surface Warfare Center, Dahlgren, VA,
1977.

4. Berg, R.F., “Estimation and Prediction for Maneuvering Target Trajectories,” IEEE
Trans. Auto. Cont., March 1983, pp. 294-304.

5. Tank, M., and J.L. Speyer, “Target Tracking Problems Subject to Kinematic Con-
straints,” IEEE Trans. Auto. Cont., Vol. 35, No. 3, March 1990.

6. Blair, W.D., G.A. Watson, and A.T. Alouani, “Tracking Constant Speed Target Using
a Kinematic Constraint,” Proc. 23" Southeastern Symposium on System Theory,
Columbia, SC, March 10-12, 1991.

7. Watson, G.A., and W.D. Blair, “Constant Sp=ed Prediction Using A Three Dimensional
Turning Rate,” Proc. 237 Southeastern Symposium on System Theory, Columbis, SC,
March 10-12, 1991.

8. Blackman, S. S., MULTIPLE-TARGET TRACKING WITH RADAR APPLICA-
TIONS, ARTECH House, Inc., Norwoed MA, 1986.

9. Bar-Shalom, Y. and T. Fortmann, TRACKING AND DATA ASSOCIATION, Academic
Press, Inc., Orlando FL, 1988.

10. Houles, A. and Y. Bar-Shalom, “Multisensor Tracking of a Maneuvering Target in
Clutter,” IEEE Transactions on Aerospace and Electronic Systems, Vol. AES-25, No.
2, March 1989, pp. 176-189.

11. Craig, John J., INTRODUCTION TO ROBOTICS, MECHANICS, AND CONTROL,
1986, Addison-Wesley Publishing Company, Inc., pp. 42-44.

12. Kalata, Paul R., “The Tracking Index: A Generalized Parameter for a~ 8 and a—f —~
Target Trackers,” IEEE Transactions on Aerospace and Electronic Systems, Vol. AES-
20, No. 2, March 1984, pp. 174-182.

7-1




NAVSWC TR 91-701

APPENDIX A

DERIVATION OF ROTATION MATRIX

This appendix presents a derivation of the rotation matrix required to rotate a vec-

tor/matrix defined in the target’s frame into the tracking frame. This derivation is based on

the development of Z-Y-X Euler angles.!?

A Z-Y-X Euler angles rotation matrix performs rotations about the Z, Y, and X axes

in that order. The second and third rotations are performed about an axis rotated by the

previous rotation; Figure A-1 illustrates these rotations.

FIGURE A-1. Z-Y-X EULER ANGLES
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Let 4R:yz(a, B,7) be a rotation matrix describing frame {B} relative to {A} by Z-Y-X
Euler angles. This rotation matrix can be derived by viewing the rotations about {B} axes
as equivalent to negative rotations about {A} axes. For example, rotating about 75 by an

angle « is equivalent to rotating about Z4byan angle —a. This leads to
ARue(a,8,7) = ROT(’X,-7) ROT(®Y,-p) ROT(°%,-a) (A1)

Since BR-! = 4R and ROT-(K,—6) = ROT(K,9), (A.1) becomes

‘ngyz(a,ﬁ,'Y) = gR-l(a,ﬂ,'Y) (A.2)
= ROT(®Z,e) ROT(®Y,B) ROT(®X,) (A3)
ca  —sa 0] [ e 0 sﬂ] [1 0 0 ]
= sa ca 0 0 1 0[]0 &v —sv (A4)
0 0 -s8 0 8110 s7v oy

sacl sasfsy+cacy sasfcy—cusy (A.5)
| —sp cf sy cf cy

In Equations (A.4) and (A.5) above, ‘c’ and ‘s’ are abbreviations for ‘cos’ and ‘sin.’

cachf casPsy—sacy casfcy+sa 37]

The Z-Y-X Euler angles can be extracted from a given rotation matrix using the

equations
a = atan2(r1,713) (4.6)
B = atan2(—r3y, V 7’%1 + "%1) (A7)
4 = atan2(r3z,7a3) (4.8)

where the r;; are unit vector elements of some matrix defining the orientation of frame B with
respect to frame A. Note: atan2 is the two-argument arc tangent function (also called the
4-quadrant arc tangent function). Notice that the equations are valid only when g # +90

degrees. When this situation occurs, a is set to zero and 4 is then computed from the

equations

v= atan2(ri2,T22) (A.9)
if 8 =90 and

7= —atan2(rig,r22) (A.10)
if 8= -90.

The rotation matrix given in Equation (4.4) for a constant velocity filter was derived

from the one given in Equation (4.2), as follows. The rotation matrix given in Equation

A-2
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(4.2) can be computed from Z-Y-X Euler angles by using Equations (A.6), (A.7), and (A.8)

which gives
= Yz
a ata.n2(Sh,Sh) (A.11)
-2 Sh
_ Sh 12
B ata.n2(S,, S | (A.12)
- ¢-l ol
2 zy -3y
= atan2 , A3
(e 7 i) .

where § = Vil = (& + 92 + 58)}, Sh = (&2 + §2)%, and |Al{ is the magnitude of the
lateral acceleration vector. Notice that an acceleration estimate is required to compute 4 in
Equation (A.13), and a constant velocity filter does not generate an acceleration estimate.
Thus, v in the general rotation matrix form given in Equation (A.5) is set to zero which
gives

ﬁR,y,(a,ﬂ) = sacf ca sasf (A.14)

-sf 0 cf
where B denotes the target’s frame and A denotes the sensor’s frame. Then Equation (4.4)
is obtained by replacing ca, sa, ¢}, and sf in Equation (A.14) with their equivalents found
from Equations (A.11) and (A.12).

cacl —sa co 3,3]

A-3
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APPENDIX B

ERROR ELLIPSE PLOTTING ALGORITHM

This appendix presents the algyorithm used to plot the position error ellipses. To
obtain an equation for a position error ellipse in the horizontal plane from the filtered error
covariance matrix, the following equation is expanded

2 ,
. [X Y][a;{:y "{"g"] [{}] = (B.1)

where X and Y are the position states in Cartesian coordinates, 0% and o% are the filtered
error variances of the corresponding position states which are extracted from the filtered
error covariance matrix, and c; is a constant whose value is found from a Chi-squared table.
The value chosen for ¢; determines the confidence region. For the plots shown in Figures 5-26
through 5-32, ¢; was chosen to be 2.5 which produced ellipses defining the 99% confidence

region. Equation (B.1) can be expanded to the form
(B.2)

oky
oxoy
(B.2) gives

where p = is the correlation coefficient. Using the quadratic formula to solve Equation

Y = —-b+ (/b — dacy
B 2a

-2pX X?
P yand ¢ = —- —¢j(1 — pz).
9x

(B.3)

b=

where a = —-,

The horizontal position ellipse is obtained by plotting Y of Equation (B.3) for values of X

—y/a10% £ X < +y/ao’ (B.4)

To obtain the position error ellipse in the vertical plane, replace Y in Equation (B.3) by Z

in the region defined by

and replace a%, by o%.

B-1
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